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The exponential family

To work our way up to GLMs, we will begin by defining exponential family
distributions. We say that a class of distributions is in the exponential family
if it can be written in the form

p(y;n) = b(y) exp(n"T(y) — a(n)) (6)

Here, n is called the natural parameter (also called the canonical param-
eter) of the distribution; 7'(y) is the sufficient statistic (for the distribu-
tions we consider, it will often be the case that T'(y) = y); and a(n) is the log
partition function. The quantity e~ essentially plays the role of a nor-
malization constant, that makes sure the distribution p(y; 7) sums/integrates
over y to 1.

A fixed choice of T', a and b defines a famzly (or set) of distributions that
is parameterized by 7); as we vary 7, we then get different distributions within
this family:.
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40: Bernoullim A SET

We now show that the Bernoulli and the Gaussian distributions are ex-
amples of exponential family distributions. The Bernoulli distribution with
mean ¢, written Bernoulli(¢), specifies a distribution over y € {0, 1}, so that
ply=1;0) = ¢: p(ly = 0;0) =1 — ¢. As we varying ¢, we obtain Bernoulli
distributions with different means. We now show that this class of Bernoulli
distributions, ones obtained by varying ¢, is in the exponential family; i.e.,
that there is a choice of T, a and b so that Equation (6) becomes exactly the
class of Bernoulli distributions.
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We write the Bernoulli distribution as:

ply;¢) = ¢'(L—¢) "
= exp(ylogo + (1 —y)log(l —¢))

 exp (i (125 ) 4101 - ).

Thus, the natural parameter is given by n = log(¢/(1 — ¢)). Interestingly, if
we invert this definition for n by solving for ¢ in terms of 7, we obtain ¢ =
1/(1 + e™"). This is the familiar sigmoid function! This will come up again
when we derive logistic regression as a GLM. To complete the formulation
of the Bernoulli distribution as an exponential family distribution, we also

have T(y) = y
a(n) = —log(l—¢)
= log(1+ €")

bly) = 1
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Lets now move on to consider the Gaussian distribution.
when deriving linear regression, the value of o had no effect on our final
choice of # and hg(z). Thus, we can choose an arbitrary value for o without
changing anything. To simplify the derivation below, lets set 0% = 1. We

then have:

p(y; )

Recall that,

o= o (50— )
= exp | —=(y — p
_ ! exp (—lyz) - exp (;..f,y - l,u?)
V2r 2 2

o= |
Tly) =y
a(n) = p*/2 .
: = /2 |
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