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FE X K

faztHy, KXFARILH, XRXH, L3145 4., Kullback
#, Kullback-Leible#k 5 %

#Ep(x). qX)RAX P IR ¢ & NFE o, Mpatqed
Aa 2t K &
plx) _ p(x)

D(pllq) Zp Jlog ) =E ., log /)

7
B A THAEANEREE G EE
B —#&4, D(llq) =D(qlp)
® D(pl[g=0. D(q|p) =0

O #F: &&#H P elensen® % K
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PR IR N R 2

ottt P, Klaxt LGN E EQ,

1 18QR T 4 /P

B 5. & APFQHK-LEF,

B 4d. KLEZREMGG, aPMENT T EZ ELITHR
B 5 R

w48 AKLQIIP), 4 TiLEHRL, MEKAPH
Otiiuz, QR EAHO. 2FF LB “E 6 27 &
.3

B %46 AKLPP|Q), # Tt & &4, MEKALPK
H0G %, QLA TR A0, IFFLE“R76 2
A dh £, ;
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Eg . -—‘l’__'1I:IIL,\

ANENEEX, YHEZL, 2LAHAX, Y
6 3% o A Fo 2k Z. A K A= ¢ 4a 3t 4 o
I(X,Y)=D(P(X,Y) || P(X)P(Y))

I(X,Y) = »)log 257
= 2P O8
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A 5 AT I EAGLE L REF£X
RN S B R XAk ok

2 Ak BELEDGE AR A
g(D,A), =LA %£45Dw 4% HHD)L # 1=
A%z 514 TDw 45474 HHDA) = £,
gp:

B ¢(D,A=H(D)-H(D|A)

B 2%, SfhAo%hiEEDf B EAG T L.
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P(4)= 3P4 B )(B)

N ot #r(Bayes) 2~ X

P(A4|B,)P(B,)
ZP(A | B,)P(B))

P(B|4)=
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DIER AR . A

O 83 $#PASE bbb, 33 A6k. —B4HF Al
Bt E, Pt 08, ALBEGHHE,
F it E AH03; AAZIFPHIR—IHE, £FF
foo KitbR et e,

5 3

P(G=1)= P(Gzo):g

8
1 #. Pla=1G=1)=08 P(4=0/G=1)=0.2
P(4=16=0)=03 P(4=0/G=0)=0.7
P(G=14=1)=2

5
Pla=1G=1p(G=1) 98

l ;P(AZI‘G:")P(GZZ')_ O.8><Z+O.3><Z

P(G=14=1) =0.8163
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The “Win” envelope
has a dollar and four
beads in it

The “Lose” envelope
has three beads and
no money

Interesting question: before deciding, you are allowed to see one bead

drawn from the envelope.
Suppose it's black: How much should you pay?

Suppose it's red: How much should you pay?
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cl. 2k T A% ANz H

P(R), PB)A FH sk, Zkegmik,

P(R)=P(R|c1)*P(cl) + P(R|c2)*P(c2): 44t % A K

P(c1|R)=P(R|c1)*P(c1)/P(R)
B P(R|cl)=2/4

B P(R|c2)=1/3

B P(cl)=P(c2)=1/2

do ZMF| —~ ANk, 2, INEHAILAGHE
£0.6

o BRI ~ANZ, 2z, INEHAHAILLAGHE

= 3/7
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VASZK 573 2R 79 451

HA: 10003 9 44, B 4S9 45 3k 47 12 A 5%
o 14 X, 4 JE 45 98 9F 44

kA4 2510014044, Bz v Rz
35 4 44 31 2 JE 35 48 4f 4

F ik 4hF N ot Hf
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£%lc: B e, JEIE LB e,

WLk, ANAEZT k.

B (& A LA 6 F 14 19 o

B HAAAat Tl Laafhit ek, 58448,

B z#qa4a AN

A4 mak St Ak B AN G EX

B 2fEwhastmP LA, Mx=1, TN, x=0. Bpf
6 61 & A m=2(X;,X5...... XN)

R ot K P(clx)=P(xc)*P(c) / P(x)

B P(c,[x)=P(x[c;)*P(c,) / P(x)

B P(c,[x)=P(x[cy)*P(c,) / P(x)
U i2& X ZxRA G F
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P(c|x)=P(x|c)*P(c) / P(x)
P(x|c)=P(x,X,...X5|C)=P(x,|c)*P(X,|c)...P(xx]|C)
A AR 2 ARG
L P(x)=P(X{,X,...Xn)=P(X{)*P(X,)...P(xy)

B A 2 ARAR
O #A~AK: P(c|x)=P(x|c)*P(c) / P(x)

O O

O % X & &7 64 3L
B P(xjc): fac(sbAL A, cj&2 AmBIMA], &2 A4 mBkaf 4
) /T, FiNtaAxEAGHE
B P(x): AAAKAT, EdAxEAGmE
B P(c): ARAHAT, MM L31cEANGME
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p(X;lc)) R 48 €9 A 5B 4 e XN A3 P, LEAxIEAGHME

B x RAARGEMGFOENEA

2S5

B n: GAHBRIEHFLEX EAGRE 4o FX EA LN
i, Mn=0.

B n: BEFc £ AXHaEATHEELEA,

- 1N p(x1|cl):ﬂ

-2

B P, NAFAFLAGEA. B EpAERA TR EMEFA]
Bl 32, LRt F ok EaEZp(x))

1% & 4% #r F 0%
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X #p 2= DI A aY 2

[
]

O O

LR FREDBL00P LG EFT

B A & s 49 B P(c)|x)FeP(c,)|xX) 49 4a 2 £ I\, & A& 32 2 X P(c|x)

—;(;dc)*P(c)/P(x), _-%frﬁ/z)w@:%‘ﬁ & B rAP(X), EBEMTIAE T
;

AL GRA: JHBRERTELE2

AL —~ N AEAP LIRS R, %~$ﬁﬁ#$?£%—&,

A5 A%, 13 @1 Z Aa A

B G0/1#& &1t %

defTH $r AN XA G B F

B xA4%

4o 4T #| % 1% 2 £ Bt LA E

B AP KAEXR>ER, 1000-KANE # o)X £

X U
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DI Hfr X £

eENAREGAFHIAGHENE S, KBRZTEH
Bz QET, RAKT Nt R %
N =+ #5 M %-(Bayesian Network), X %k # & % i B 4
A4! (directed acyclic graphical model ,DAG), = —#¢
wEALY, RERERQ G EH, LR—an
EF (XX, X, A An 51 F oA
(Conditional Probability Distributions, CPD) #§ 4 /i o
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DI Hfr X £

—#HE, Nt HRALGHNQARBAFIH T S ATH
NWEE, CATHRETARINGEE, BEE. £
b BB E, AR ANT LOF LR ARANENEF
RAKABRE4(XELEM IR D). 2ANT & 74—
NeEF kAR, AFEFP-NFTLAR
(parents)”, % —/NRZ“%(children)”, @ ¥ st 4H~ 4
— ANt A
aNgsath e A AHAES, S THES
4

B 5 Rk
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15 DI ET 2%

N DA Y

p(Z1,...,TK) =p(TK|T1, ..., Tk 1) ... p(T2|T1)p(T1)

n
P(.Xl — T1y.. -, ){n = In) = H P(A.*,; = XT; | .‘Yi.;_l = Tit1,- - - ‘..«Yn - ;Z'.'n_)

1
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— N 1IET Y DI Hr X 4%

A Ml Sk &

Ji

B x]Ffox2i Z

B XOFfex7fax4% % 69 51 T 1% 2
x1,x2,...X7 6 3 4~ o~

P($1)P($2)P($3)p(fﬂ4\$1: Lo, T%)p(lﬂﬂ?l $3)P(336|$4)p($?\$4: ﬂ?’a)

Ly

24/69 julyedu.com

o« )



X —>SEFR DIRTHr X 4% BY 574

P(S)

P(C|S) P(B|S)

P(X]|C,S)

1+24+2+4+4=13 vs 25
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DTS $TENHLARE IS 0T

Application

Spool
Process OK
: Input O
Local Disk
pace Adequate

orrect DI Data
> (Qutput O oITeC
Driver
etting

Print
Data OK
N
m Printine
Print: t 1t t
— / aipor’) ah o, ocal Cable
ted
Comnedtg Printer On ‘mﬁb
and Online Data OK

—
[0 17*1 + 1%2 +2%22 4 3%23 4 3%24=0Q
[0 226=67108864
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DINTEr 2% : R
P(E)

P(B)
Burglary 001 Earthquake 002

B E |P(AB,E)
T T| .95

T F | .94

F T| .29

F F | .001

P(J|A) A |P(M|A)
T| 90 T .70
F| .05 F | .01
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DHMMNETOH Lo 27

P(z1,...,%n) = lI;_ P(xi|parents(X;))

P(7AmAaA—bA —e)

— P(J"{}_:]P(-}}}.‘{;.)P(ﬂ.‘ﬁb. ﬁ{?)P[—*b]P(_'E':J

K

= 0.9 x 0.7 x 0.001 x 0.999 x 0.998
~ (.000063
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DI ERZE R FZ AL B X

0 BN(G, O)

B GHOGARH

B Go4gd: MEg

B Gey: 445 8 694 @

B O: AL ME ST GAKLEA

B 4 s Xe44mE P(X|parent(X))

P(S, C, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

0 B4 523 584 A2 LA RMELR?

B GANgGSEMEAKGANK. &5 Gparent a M, £ & Fo

parent 9 <T X {4 £ a A AK: KM*(K-1)
B AH1itz?
B R4 s dparentstz &£ A KT % M R(ELM4 27F)
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FrR B DU B o 4%

X1 X2 X\
MANG # 4 &1 m— S8, #—N4g 44K

AR A, M EE2K-1+M-DKEK-DANA #

XA ETFEEMG LK D #

B 52T, 2246848, E2KMINAK, &
£ FM#d 15 # & # o

EAR LA AR D A A AL AL
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L 4

AT DIRT R 48 571 T SR IS —1

P(a,b,c)=P(c)*P(alc)*P(b|c) (

m + P(a,blc)=P(a,b,c)/P(c)

"#)\7 ‘f’%‘;{l N

P(a,b|c)=P(a|c)*P(b|c)

br: facth 2@ AT, a, b%‘if‘ﬂéﬁ
(blocked), &A1& z - :
B 4112 2. tail-to-tail
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L 4

AT DIRTER 48 71 FE S JHAL—2

P(a,b,c)=P(a)*P(c|a)*P(b|c)

a C b a & b
P(a,blc)

P(a,b,c)/P(c)
P(a)*P(c|a)*P(b|c) / P(c)
P(a,c)* P(blc) / P(c)
P(alc) * P(blc)

Pr: frct “x g 51T, a, bk fadg(blocked), £14

Z o
B 4112 z . head-to-tail
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L 4

A 3T DIRTHr P 48571 E S TS —3

P(a,b,c) = P(a)*P(b)*P(c|a,b)
ZP(a b,c)= ZP(a)*P(b)*P(c |a,b)

= P(a,b) = P(a)*P(b)
fick 4o tg 54 T, a, bikra & (blocked), &
J& z 4 : head-to-head « b
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2551152 B X = 15

Serial _ Diverging

XAFX

Knowing S makes L and B
independent (common cause)

Converging B

L

Knowing T makes

A and X independent
(intermediate cause) "R E D

NOT knowing D or M
makes L and B

independent
(common effect)

Q 34/69 julyedu.com



Yk IRk

Al

D-separation: # &) o %

A FaEGes s EA B, C, ¥ R2AHE TAP4E
B s BPua s sni, £22KA Bi#AR
Z., W B & FTAH o #%-42 # 3% ma & (blocked), Bp % 2
T 5| @ AA7 4 2 —

B A#eB ) “head-to-tail & ” o “tail-to-tail & " %42 A & 12 C;

B AfeBt§“head-to-head#&! ”%-12 R & HCihk A CH F 4

4o F A BAR % % D-separation, A,BA af ik £k 4 D-
connected.
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GlREaETES

Gas#eRadio# 1% z &7 5 ? %7 Battery%.?
Ignition%.? Starts%£.? Moves%.? (% I1IDD)
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X 57 T s T\ P 4%

XC X9 XM

# D-separation~ %o, fXi%h 2 1 54T,
Xit+1 ¢ 9 Fox1,x2.. .X1-1 51422 2., Bp:
XitHl g o0 KE P FeXiT £, e AT ELH
ik, IR RE T GHEAVIAELE, o
ML RA R

P[:Xﬂ_|_]_ — I|X.|:|., X]__, Xg, - g Xﬂ) — P(Xﬂ_|_]_ = I|Xn_)
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Markov Blanket

— ¢t & gMarkov Blanket & — N&£ 4, 4
BINELAFHLE AL ZORNT, s
S8z FRAASE L S

Bp . — N4 & g Markov Blanket £ v 49

parents,children ¥4 Z spouses(iz F & H- 44
parent)
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Markov Blanket

[Breese & Koller, 97]
i % 4242 : Serum Calcium(& B % % Z) % F2.75mmol/ L8]
Hetbak, F5EMHMNEIELBRAE, YILRE., B
Mg, mE. BE. PEB. BLAMHBHB. 2HHBC@R julyedu.com
CabFrRABL, LPUREM/3HTLEEBa iz,




DIRTER X 25 89 B 1%

%8t P(7m B|z 1K)
ol . Pz K|HmER)
o %+ max,, P(£ 3|4 )

Wi A AL, 2 N ot MM B 4 2 E 4
S EMMEPBEAK. ZEAEZENLE

da iR, Fo K A% 24 48 i K R Ao

7 Mot i R %ok 2 6 4 5 46 b B Fo B BLE S

GAART, ThEAERSE, = RioBETH LM

WA RS BME, AFEF| S, Tl 8k 0% @

[ 4o
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] SE451)

APRI system developed at AT&T Bell Labs

learns & uses Bayesian networks from data to identify customers
liable to default on bill payments

NASA Vista system

predict failures in propulsion systems

considers time criticality & suggests highest utility action

dynamically decide what information to show

O &AT&T N & £% 2 7F 4 “9APRI4 4
B AKBFTF A ANt B A%, A KR 5] A A AT
G EF
[0 NASA vista4 %
I P R Y RB Y&
B s EaHAGHATe, BRESFTELEGITH
B HALEZIFHLAEL
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DIRTET ML aY #2) 32

& kit & B % F ¢ D-separation &g £y 3f ] X, £ F,
42 o S R F N ot B W %o
H ok A2
B tBHBFFH—~Ne2MAs: XX, X,
B zFi1=1%|n

O ARG PR X 4S5

O £X.X. X, F kX 64 &, &5

P(X |Parent(X,))= P(X,|X,, X, - X, )

XM EFE, BHEETDEGELEK,

P(X, X, X,)= ﬁP(Xi‘Xl,Xz X, )= ﬁP(Xi‘Parent(Xi )
i=1 i=1
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(i

Suppose we choose the ordering M, J, A, B, E

P(J|M) = P(J)?

43/69 julyedu.com
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ety

£330

Suppose we choose the ordering M, J, A, B, E

P(J|M) = P(J)?

No

>

P(A|J, M) = P(A|J)? P(A|J, M) = P(A)?

44/69
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SF

£330

Suppose we choose the ordering M, J, A, B,

Qe

N =>

Burglary

(J|M) = P(J)? No

(A|J, M) = P(A|J)? P(A|J,M) = P(A)? No
(B|A, J, M) = P(B|A)?

(B|A, J, M) = P(B)?

o
&
P
P

Q 45/69 julyedu.com



ety
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25151

Suppose we choose the ordering M, J, A, B, E

JIM) = P(J)? No

P(

P(A|J, M) = P(A|J)? P(A|J, M) = P(A)? No
P(B|A, J,M) = P(B|A)? Yes
P(B|A,J,M)=P(B)? No

P(E|B, A, J, M) = P(E|A)?

P(E|B, A, J,M) = P(E|A, B)?

46/69
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ety

3

25151

Suppose we choose the ordering M, J, A, B, E

J|ﬂ--[) = P(J)?
|] M) P(A|J)? P(A|J,M)= P(A)? No
[) P(B|A)? Yes

)= P(B)? No

1) = P(E|A)? No

M) = P(E|A,B)? Yes

I ﬁs.9~ =l

[42+4+2+4=13

47/69
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EARFH T mSHAE

Noisy-OR o~ #£ A!

¥ U U, . URXGHHXE S

A4 T F X |
P(X‘UD”°Uj9ﬁUj+19”°ﬁUk):l_ﬁQi

AHAOAKAET RE SAKEHG.
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NoisyOR 77 fn iR B 25 45)

Cold Flu Malaria| P(Fever)| P(—~Fever)

F F F 0.0 1.0

F F i} 0.9 0.1

I T F 0.8 0.2

F T i} 0.98 .02 = 0.2 x (.1

T F F 0.4 0.6

i} F [ 0.94 0.06 = 0.6 x 0.1

T i} F 0.88 0.12 =10.6 x 0.2

T i} i} 0.988 D12 = 0.0 % U2 3% 0.1
j

Px[U,,--U,,=U,.,. —|Uk)=1—1_1[ql

Q 49/69 julyedu.com



A (B ES) M4

Discrete (Subsidy? and Buys?); continuous (Harvest and C'ost)

Subsidy? @
N
(Cost>

Buys?

Option 1: discretization—possibly large errors, large CPTs
Option 2: finitely parameterized canonical families

1) Continuous variable, discrete+continuous parents (e.g., C'ost)
2) Discrete variable, continuous parents (e.g., Buys?)

\/ 50/69 julyedu.com



ZF2h B E R

Need one conditional density function for child variable given continuous
parents, for each possible assignment to discrete parents

Most common is the linear Gaussian model, e.g.,:

2
g
o
L
[
<
N

P(Cost =c|Harvest = h, Subsidy? = true) N

= N(ash + b, o2)(c)
1 1 (¢ — (ath + b))’ g ;
= \/%exp (—5( T ) ) i Buys?

_________________________

Mean (ost varies linearly with Harvest, variance is fixed

Linear variation is unreasonable over the full range
but works OK if the likely range of Harvest is narrow

Q 51/69 julyedu.com



ZfaEREERR, XTaEeEER

Probability of Buys’ given C'ost should be a “soft” threshold:
1 T T T T T

0.8 | B s
i | Subsidy?
S 08 T~ i
i G
g i =
~ i :
02t I I
i Buys? :
O 1 -~ seneanwsene,
0 2 4 6 8 10 12
Costc
Probit distribution uses integral of Gaussian:
d(z) = r_‘x N(0,1)(x)dx
2 (‘B uys? =true | Cost=c) = ®((—c+ u)/o)
\E 52/69 julyedu.com



ZfEReERE, XTR

Sigmoid (or logit) distribution also used in neural networks:

P(Buys?=true | Cost=c) =

Sigmoid has similar shape to p

c)

P(Buys?=false|Cost

1

09 t
0.8 f
0.7
0.6
05
04
03
0.2
0.1

EIELLHY

1

1 + exp(—2

— ]

o

1Y

robit but much longer tails:

10

12

Subsidy?

S =~ — =~ = — s,

julyedu.com



DU Hr o 4% Y7

P (smoking| dyspnoea=yes ) = ?

Q 54/69 julyedu.com



P(s|d=1) = PIS:;')‘) - Pls.d=1) -

dzgx’f(s)wp(b‘S)Q(X‘C,SE(d‘Cjbl:
\ l

P(s) ; ; P(b\S); ‘{ZP(C\S)p(X‘C,S)F( dlc.b)

‘x\ / f(;d/,b, x)

Variable Elimination

Q 22/e julyedu.com



Il)a'

p(u, w, z,y, z) = p(u)p(w)p(z|u, w)p(y|z)p(z|z)

E —OU
.U 1 x
W X —_Z & N
5 W VA
Y : 4
Forney-style factor graph. Original factor graph [FKLW 1997].

U /U
2 iy % LX Oz

;

Y X
Bayesian network.

WO

(1)

Markov random field.

56/69 julyedu.com



FE s

ag Net M GnE AT RGO E:

B —ANETH2ATAFTHE-NE S

B Nt HREFHF~NLETARTA LGRS
KA F A

B glofoixtad 4 A %% ExLANAERFeP
[, T2, 23, T4, T5) = falz1, 22, %3) - fo(Ts; x4, T5) - folza)

fa /B

e I3 L5
To ‘ Lq

fc
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._F

L&A A A

pxyz(T,y,2) = PX(SU)PY|X(?J\$)PZ|Y(Z\ZJ)

2] 5 i

X

¥

A

PX

Py|x

Pz|y

58/69
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+ & 25

25 R A A48 A

e

P(IG; L1, L2y 3Ty Y1,Y2, - - -, y-n.) = ;O(In) Hp(Ik\Ik—l)P(yk\Ik—l)
k=1
Xo — X1 — Xo
p(x0) = =
p(ﬁ?l\il?o) P(-’f2|$1)
p(y1|zo) p(12|z1)
Yi Yo

59/69
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Il)a'

2 DI HT X 48 Y E

o

o
o
EE
S
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i DI ER 4% AV A+ [&

P(A.B.C.D.E)=P(A)*P(C|A)*P(BIA)*P(DIC)*P(EB.C)
= 1(A)*R2(A.C)*f3(A.B)*f4(C.D)*f5(B.C.E)
fi f3

=

f2

Q 61/69 julyedu.com



CIEER

""I}X/ﬁi}@, %}Qo".’ﬂﬁﬂ%?/ﬁ‘ﬁ“%”(%

G1), MEkHEGRAFAALAEZE . BiE
At aaBi, SAALREBRART
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FARERNETEEERTENEER

Theorem [Chow and Liu, 1968]

Given a joint PDF P(x), the KL-divergence D(P,P") is minimized by
projecting P(x) on a maximum-weight spanning tree (MSWT) over
nodes in X, where the weight on the edge (X 5 X i is defined by
the mutual information measure

I(X;;X,)= D P(x;,x;)log

!

d

P(xf > X )
P(x;)P(x;)
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MT: Chow-LiunEE:

1. From the given distribution P(x) (or from data generated by P(x)),
compute the joint distributio®(x, | x ;) for alli # j

2. Using the pairwise distributions from step 1, compute the mutual
information( X' ,; X' )  for each pair of nodes and assign it as the
weight to the corresponding edgé.X k)

3. Compute the maximum-weight spanning tree (MSWT):
a. Start from the empty tree over n variables
b. Insert the two largest-weight edges

c. Find the next largest-weight edge and add it to the tree if no cycle is
formed; otherwise, discard the edge and repeat this step.

d. Repeat step () until n-1 edges have been selected (a tree is
constructed).
4. Select an arbitrary root node, and direct the edges outwards from
the root.

5. Tree approximation P’(x) can be computed as a projection of P(x) on
the resulting directed tree (using the product-form of P’(x)).
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Pattern Recognition and Machine Learning Chapter 8, M. Jordan, J.
Kleinberg, ect, 2006

An Introduction to Factor Graphs,Hans-Andrea Loeliger, MLSB
2008

Factor graph and sum-product algorithm, Frank R. Kschischang,
Brendan J.Frey, ect, 1998

A Tutorial on Inference and Learning in Bayesian Networks, Irina
Rish

A Tutorial on Learning With Bayesian Networks, David Heckerman,
1996

http://en.wikipedia.org/wiki/Factor graph(factor graph)

http://www.eng.yale.edu/pjk/eesrproj 02/luckenbill html/node4.ht
ml(sum-product)

N
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